It is shown how the geometric framework for dismbutedparameter port-controlled Hamiltonian systems as recently provided in [ll, 121 can be adapted to formulate ideal isentropic compressible fluids with non-zero energy flow through the boundary of the spatial domain as Hamiltonian boundary control systems. The key ingredient is the modification of the Stokes-Dirac structure introduced in Ill] to a Dirac structure defined on the space of mass density 3-forms and velocity I-forms, incorporating threedimensional convection. Some initial steps towards stabilization of these boundary control systems, based on the generation of Casimir functions for the closed-loop Hamiltonian system, are discussed.
Introduction
In recent publications [lo, 22,4,20 ,21] a systematic framework has been provided for the geometric modelling of network models of lumped-parameter physical systems as pan-controlled Hamiltonian (PCH) systems (with or without dissipation). The key notion in this framework is that of a power-conserving interconnection. formalized by the geometric concept of a Dirac structure. Furthermore ([23, 4, 21, 17, 191) it has been shown how by interconnection with a controller system that is itself a PCH system, the system may be stabilized at a desired set-point by generating Casimir functions (conserved quantities) determined hy the closed-loop interconnection structure, thus effectively shaping the energy of the system.
Recently [I 1, 121 we have started to expand this research program on finite-dimensional PCH systems to the distributed parameter case. However, a fundamental difficulty which arises is the treatment of boundav condi-[ions. Indeed, from a control and interconnectioii point of view it is essential 10 describe a dismbuted parameter system with varying boundary conditions inducing energy exchange through the boundary, since in many applications the interaction with the environment (e.g. actuation or measurement) will actually take place through the boundary of the system. On the other hand, the treatment of distributed parameter Hamiltonian systems in the literature ([14,8,9,15, 13, l] In the present paper we extend and generalize this differenrial-geometric framework to the Eulerian description of 3-dimensional ideal isentropic fluids (see Section   2 ). The basic set up is to represent the mass density as a 3-form and the Eulerian velocity as a I-form (see also [S, 91 for a similar point of view), and to define a modified Stokes-Dirac structure on the space of these state variables according to mass and momentum balance ("modified" because of an additional term arising from 3-dimensional convection). For zero-boundary conditions our fornulation reduces to the elegant Poisson bracket formulation given before in [14, 8, 9, 13] . The resulting infinite-dimensional system with boundary variables can be interpreted as a (nonlinear) boundary control system in the sense of e.g. 171.
The identification of the underlying Hamiltonian structure of fluid dynamics has proved to be instrumental in deriving all sorts of results on integrability, existence of soliton solutions, stability, reduction, etc., and in unifying existing results, see e.g. [6, 1, 131. We believe it will also he a fruitful starting point for the control of such systems. In Section 3 we shall already provide some initial ideas how the theory of interconnection and energy-shaping as developed for finite-dimensional port-controlled Hamiltonian systems might be extended to the fluid dynamics case.
2 Geometric boundary control formulation 01 fluid dynamics
An ideal compressible isentropic fluid in three dimensions is described by the equations (in vector calculus notation 
satisfies the balance equation It immediately follows that if v is such that U . n = 0 at the boundary aW (no fluid flow through the boundary), then the total energy Hw is conserved. In fact, not only the energy Hw is conserved in this case, hut the dynamical equations (I), (2) of the fluid on W can be formulated as an infinite-dimensional Hamiltonian system on the infinitedimensional space of mass densities p and Eulerian velocities U on W . This is done via the introduction of an infinitedimensional Poisson bracket, see e.g. [14. 8. 9, 6, 131 for clear expositions and further ramifications. iFrom a control point of view, however, we would like to consider the fluid dynamical system as a boundary contml system, with time-varying boundary conditions different from u.nlaw = 0, since the interaction of the system with its environment will often take place through the boundary.
Stokes-Dirac structure
The basic concept we need is that of a Dirac structure, as introduced by Courant (7) 0 =<< ( f , e ) , (f, e ) >>= 2 < elf >
Thus for all (f, e ) E D we obtain < elf >= 0. expressing power conservarion with respect to the dual power variables f E V and e E V . (In an electrical context the components off and e will denote pairs ofcurrents and voltages, while in a mechanical context they will be pairs of generalized velocities and forces.)
The Stokes-Dirac structure corresponding to 3-dimensional fiuid dynamics is now defined as follows. 
Next we consider the boundary external variables (or boundary input and output variables). First we consider the space Qo(aW) of 0-forms, that is, the functions on aW.
They will represent the "stagnation pressure divided by p" at the boundary. Secondly, we consider the space Q2(aW) of 2-forms on aW, representing the "boundary mass flow".
Thus we consider the space of boundary variables nD(aw) x zt2(aw)
Note that (see also [E. 91) there is a pairing ( , ) between Qo(aW) and R2@W), given by (@(W))* = nqw) (n'(w))' = nqw) using the weakly non-dcgenerate pairing Proof This can be proved along the same lines as in [I 11 . which is the coordinate-free analog of the classical vector calculus formula (using the Euclidean metric)
Let us now consider U in (2) to he a I-form. By "index lowering" with respect to the Riemannian melric the I-form As announced before, the dynamics corresponding to the modified Stokes-Dirac structure (30) and the Hamiltonian (4) is now defined by setting 
The resulting system can be regarded as a boundary conlml system in lhe sense of e.g. [7] . Indeed, we can either regard fb as the boundary control variable (with eb being the boundary ourpur), or the other way around.
Energyexchange through the boundary is not theonly way a distributed-parameter system may interact with its environment. Instead of boundary external variables we may also incorporate distributed external variables, leading to distributed control problems; see [ l l ] for some developments. Also, energy dissipation can be incorporated in the framework by terminating some of the ports (boundary or distributed) hy a resistive relation (given by a Rayleigh dissipation functional). In this way we can represent the NavierStokes equations.
Energy-balance
It immediately follows from the power-conservation p r o p erly (9) of any Dirac structure that the modified StokesDirac structure D" defined in Proposition 2.3 has the prop e*Y Hence by substituting (31) we immediately obtain where6,H = $ i ub, ub +h(*p) isafunction.and6.His the 2-form i.up. This is exactly the coordinate-free version of (5). The 2-form 6,H represents the mass-flow and 6,H is the stagnation pressure divided by p. Note that altcmatively we can write J a w S , H~S , H = ~a w i , l [ t~u P , u b > p + U ( * p ) p ] +Jaw i.r(*pf (35) where *p is the pressure 3-form h(*p)p -U ( * p ) p . This is the coordinate-free version of (6).
3 Conservation laws and passivity-based control of fluid dynamical systems
The Energy-Casimir method has proved to be a very valuable tool in the stability analysis of fluid dynamical systems (and Hamiltonian systems in general); see e.g. [6, 1, 131 for further information. The basic idea is to determine the conserved quantities or Casimir finctions of the system, and to consider as candidate Lyapunov functions the Hamiltonian function (the energy) plus a suitable Casimir function. The idea of using the Energy-Casimir method for srubiiizurion of finite-dimensional Hamiltonian control systems was explored in e.g. [2, 23. 4, 17, 18, 21, 191. In particular, in 123. 4, 17, 18, 21, 191 it has been shown how hy power-conserving interconnection with a Hamiltonian controller system Casimir functions for the closed-loop system can be generuted. Underlying this construction is the fact (see [21] ) that any power-conserving interconnection of Dirac stmctures defines another D i m structure, and thus the closed-loop system is again Hamiltonian. Then the Energy-Casimir method can be applied to the closed-loop system (with Hamiltonian being the energy of the Hamiltonian plant system together with the energy of the Hamiltonian controller system). Furthermore, it has been shown ([17, 18, 191) how this approach relates to the energyshaping and interconnection-dampingassignment methods of passivity-based control, which have proved to be quite powerful for the control of (electro-)mechanical systems, seee.g. (16, 17, 18.21, 191. The extension of these ideas to fluid dynamical control systems can be approached as follows. From the Dirac sltuclure given in Proposition 2.3 one infers conservation laws of the Hamiltonian boundary control system. A physically obvious conservation law corresponds to the total mass jw p.
Indeed, one immediately verifies
(which is nothing else than the mass-balance (1)). Then consider an additional controller system, also of portcontrolled Hamiltonian form, but with internally distributed control uc and output y , % = uc ar Y c = &<Hc (37) with x, a 2-form on aW, and H, = JawFl&xc) the controller Hamiltonian for a certain density 2-form y(~,). Interconnect this controller to the fluid dynamic system via the power-conserving interconnection (note that yc is a function on aW). Then the closed-loop system is again a Hamiltonian system with total Hamiltonian Hw + Hc. Furthermore, because of (36). the function
is a Casimir function (conserved quantity). Therefore, by the Energy-Casimirmethod. any other function with P : R -+ R still to be assigned, can be used as an energy function for the closed-loop system, and therefore as a candidate Lyapunov function. Its potential for the control of fluid dynamical systems has to be investigated.
The next conservation law to be considered derives from the helicify of the fluid, defined as This quantity measures the "knottedness" of the fluid, see e.g. [I] . Time-differentiation of (41) showing fhe boundary variable fb which can be interconnected to a controller Hamiltonian system as before, leading again to new candidate Lyapunov functions.
Conclusions
We have shown how 3-dimensional ideal isentropic fluids can be modelled as a Hamiltonian boundary control system, using the notion of a Stokes-Dirac structure. Among others, this opens up the way for the application of passivity-based control techniques. which have been proven to be very effectivefor the control of lumped parameter physical systems modelled as port-controlled Hamiltonian systems.
